We give an elementary self-contained proof that the minimal entropy output of arbitrary products of channels ρ →
This paper is concerned with efficiency of transmission of classical information through a particular quantum channel. Generally, the minimal entropy output of a general quantum channel Γ, given in terms of a completely positive trace-preserving map on the d-dimensional density matrices, quantifies the minimal noise produced by the channel in terms of the von Neumann entropy of transformed pure states
where S(ρ) is the von Neumann entropy of a density matrix ρ. Recalling the definition of the p-Renyi entropy of a density matrix ρ, p > 1
the minimal p-Renyi entropy output is
Obviously, lim p↓1 MEO p Γ = MEO Γ and we can therefore extend the notation MEO p to p = 1. The p-Renyi entropy of a density matrix is directly related to its p-norm. Let X be a general, not necessarily square, complex matrix. The p-norm of X is given by where |X| = √ X * X and where the χ j are the (non-zero) singular values of X. The p-norm is the non-commutative analogon of the usual p-norm of sequences of complex numbers. As a density matrix is positive semi-definite, we have the immediate relation
In terms of p-norms, the quantity corresponding to MEO p (Γ) is
Using (2) and (1) we find
The additivity conjecture
means that entanglement cannot help to lower the noise in parallel channels, described by tensor products. Recently, the relevance of this conjecture has been stressed, as it was shown to be equivalent to other important additivity issues in quantum information theory, such as Holevo capacity and entanglement of formation, see [6] . There is a similar conjecture for MEO p , 1 < p ≤ 2. As both the von Neumann and the Renyi entropies are additive on tensor products, the conjecture amounts to showing that
The relation (3) allows us to restate the conjecture (4) as multiplicativity of maximal p-norms
We shall consider here a particular quantum channel, known as Werner-
Here, A T denotes the transpose of A w.r.t. the standard basis of d . The map Γ d has both a high symmetry and a truly entangling nature compared e.g. with the depolarising channel. In fact,
U is an element of SU(d) and U is its complex conjugate and it is the nontrivial extreme point in the set of all such maps. In the case d = 3, it is even an extreme points in the set of all completely positive trace-preserving maps. This channel has often been considered in the literature, see e.g. [2, 7, 1] . We show that the minimal entropy output of ⊗ N Γ d j is multiply additive for
In the particular case p = 1, N = 2 and d 1 = d 2 , formula (7) has been proven in [1] using more advanced techniques, see also [4] . Because of (3) this is equivalent to showing the multiple multiplicativity of the maximal p-norms, see [3] 
A straightforward computation yields
Here, ϕ is the complex conjugate of ϕ in the standard basis. Next, we write out the action of the channel ⊗ N j=1 Γ d j on the pure state generated by a normalised vector
Here, ρ Λ is the reduced density matrix of |Ω Ω| to the sites in Λ. We now compute
In this computation Λ C denotes the complement of Λ in {1, 2, . . . , N } and we used Tr ρ Λ 2 ≤ 1.
Finally, we use the inequality
relating the p-Renyi entropies and the 2-Renyi entropy [5] to obtain
proving hereby (7).
